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Abstract

Although it is impossible to manufacture identical columns for use in a simulated moving bed (SMB) process, theoretical
studies assume that all the columns in an SMB unit have identical characteristics. In practice, calculations in modeling and
optimization studies are made with the average values of each column parameter set. In this report, the effects on SMB
process performance caused by column-to-column fluctuations of the parameters are discussed. As afirst step, we show how
the differences in porosity of the columns may be taken into account with a revised set of separation conditions. Reductions
in the purity of the extract and the raffinate streams are quantitatively related to the column-to-column fluctuations of the
retention times of the two components arising from these porosity differences. For the sake of simplicity, the discussion first
addresses the case of a four-column SMB operating under linear conditions. Then, the scope is extended to the cases of SMB
units incorporating several columns in each section and to SMB units operating under nonlinear conditions. [ 2001
Elsevier Science BV. All rights reserved.
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1. Introduction

The simulated moving bed (SMB) process was
invented by Broughton [1] in 1961, as an aternative
to overcome many of the practical disadvantages of
true moving bed (TMB) chromatography. It had
proven practicaly impossible to move the solid
phase through the column while achieving a reason-
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able column efficiency and not progressively eroding
the solid-phase particles into dust. In contrast to
TMB, the solid-phase movement in the SMB process
is smulated by column switching. The process
shown in Fig. 1 is not continuous, it is periodical. As
a consequence, its properties are somewhat different
from those of true counter-current process [2].
SMB is applied to several important industrial
separations, especially the Sorbex [3] and Parex
processes [4]. SMB is now attracting considerable
interest as a continuous process implementing pre-
parative chromatography for industrial separations in
the pharmaceutical industry. The most promising
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Fig. 1. Schematic of the SMB process.

application is the separation of enantiomers [5-9], a
case in which the main disadvantage of the process
disappears, its inability to separate mixtures in more
than two fractions without using complex SMB
implementations. Compared to the classicad SMB
applications in the chemical or food industry, en-
antiomeric separations are characterized by much
smaller specific capacities of the adsorbents, lower
values of the separation factors, and the absolute
need to work under nonlinear conditions.

Most of the publications regarding SMB reported
so far are devoted to discussions of its modeling, its
properties, the optimization of its design and opera-
tion conditions, and to technical descriptions of
either some new applications [10,11] or some im-
provements made on the classical implementation of
the process [12—14]. On the theoretical front, besides
the classical works of Rhee and Amundson [15],
Ruthven and Ching [2], and Storti et al. [16,17], the
reports by Fish et a. [18], Yun et al. [19], Zhong and
Guiochon [20], and Mazzotti et a. [21] are worth
noting. However, all fundamental discussions of
SMB have so far assumed that al the columns have
identical characteristics. Although the same batch of
packing material may be used, it is impossible to
manufacture four, let alone eight, 12, or 16 identical
columns [22]. Therefore, in experimental analyses
and optimizations, average values were applied.

The primary differences between columns arise
from the practical impossibility to pack identical
columns. The tubes may have dightly different
geometric dimensions, leading to differences in the
retention times at a constant flow-rate. These tubes
may contain slightly different amounts of packing
material, hence the retention factors of the feed
components will also be different. More importantly,
the packing procedure causes local fluctuations of the
packing density which are highly irreproducible.
Small relative variations of the local packing density,
hence of the porosity, result in larger fluctuations of
the permeability, hence the local mobile-phase ve-
locity. Because the distribution of these differences
is not reproducible, column-to-column variations of
the porosity and permeability are observed. Even
columns packed by axial compression with the same
amount of the same packing materia have dlightly
different retention times. The degree of reproducibil-
ity which can be achieved for the characteristics of
small-size columns has been discussed previously
[22]. Some of the effects of dight differences
between the different columns were also reported
previously [23]. The most notable was the observa-
tion of a superperiod for the composition of the
column effluents, notably those of the raffinate and
extract streams. This superperiod is the product of
the basic SMB period and the total number of
columns in the unit.

As far as the operation of an SMB separator is
concerned, the most important fluctuations are those
of the retention factors. In this first report, we discuss
how variations in these factors for the two com-
ponents of a binary mixture may affect the per-
formance of an SMB. At this point, it is worth noting
that other parameters, e.g. the column efficiency,
may aso have an important influence on the unit
performance. However, we concentrate here on the
porosity and assume that all the other parameters are
kept constant.

2. Theory

The mathematical modeling of the SMB process
includes three parts. the column model, the set of
node equations, and the derivation of the proper
separation conditions. The column model describes
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the migration of the concentrations of the sample
components along the column. It includes the con-
servation equations and their initial and boundary
conditions, and the phase equilibrium of the two
components between the liquid and the solid phases.
The node equations are integral mass balance equa-
tions which must be fulfilled between the different
sections of the SMB (or rather at its nodes). Finaly,
to reach complete separation of the feed mixture, a
set of conditions has to be satisfied.

The modeling of the column introduces its charac-
teristic properties. The most important one for the
purpose of this work is the phase ratio, F. This ratio
is a function of the total porosity of the packing
material, £, which is a critical operating parameter.

2.1. Porosity

The total porosity of the column is the fractional
void volume of the column or proportion of the
column volume that is occupied by the liquid phase.
It is derived from the retention time, t,, of a
nonretained component:

a _ \/quuid _ toQ
ol Vcolumn (1T/4)(| D)ZLC

1)
where Vg ym, ad Vg4 are the volumes of the
column and the liquid phase (or hold-up volume),
respectively. The flow-rate Q is given by the ex-
perimental setting; to achieve it a certain head
pressure is required. This pressure is usualy limited
by mechanical constraints. V., IS calculated from
the known dimensions of the column tubing. Vj; 4 1S
the product of the flow-rate and the retention time of
an unretained tracer. The retention time t, has to be
corrected for the extra-column volumes (V) con-
tributed by tubings, valves, and online detectors.
V,.ra 1S Measured similarly by substituting a zero-
dead volume connector to the column.

The total porosity is the sum of the interparticle
(external) &,,, and the intraparticle (pore) porosity ¢,
[24]. The pore porosity of a packing materia is
independent of the packing density achieved. The
external porosity is the liquid volume outside the
particles of packing material. It can be derived from
the retention time or volume of a nonretained

component which has a larger molecular size than

the inlet diameter of the largest pores of the packing
material [25]. The differentiation between internal
and external porosity of the packing material is not
needed in this work.

In this report, the word porosity is used instead of
total porosity. As we see below, the porosity enters
into the mass balance equation through the phase
ratio, F = (1— &)/e. Accordingly, relative fluctua-
tions de/e of the porosity will cause relative fluctua-
tions of the phase ratio:

ﬁ_ E de de 5
F e 1-&  &1-9 (2)
Since ¢ is usualy between 0.65 and 0.80, the

fluctuations of F will be severa times larger than
those of &. This may have important consequences.

2.2, Column models

Two different column models are used in this
work: the linear, ideal model and the equilibrium—
dispersive model. The former model has exact
algebraic solutions which can be used for the easy
formulation of general conditions. These conditions,
which do not take into account the band spreading
caused by the finite column efficiency, can be
corrected, using the numerical results afforded by the
equilibrium—dispersive mode.

221. Ideal model

The idea model assumes instantaneous equilib-
rium between solid and liquid phases and an infinite
column efficiency. Neglecting the contributions of
axial dispersion and of the mass transfer resistances,
the differentiadl mass balance of component i (i =

1,2) in section j (j=LILIILIV) (see Fig. 1) is
written

aC, aC, aq;

at Tz TR =0 ()

where C ; and g ; are the liquid- and solid-phase
concentrations of component i in section j, respec-
tively, u; is the liquid-phase velocity in this section,
and F is the phase ratio (see section above). An exact
analytical solution of the linear, ideal model of SMB
was derived previoudy [20]. This solution was
shown to be a powerful tool in studying the thermo-
dynamic limitations of SMB separations. An excel-
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lent agreement was reported between the concen-
tration profiles calculated with the analytical solution
of the ideal model and the experimental results
obtained in several cases [23,26], even with columns
of moderate efficiency (a few hundred theoretical
plates).

In this study, the porosity, hence the phase ratio, is
not the same for al columns. The influence of this
column characteristic must be included in the ideal
model. Consequently, the mass balance of the com-
ponent i (i=1,2) in section j (j =LILIIIV) and
column k (k=1... total number of columns) is

given as
aC G G, «
Tt tUx Tz TReT 70 “)

2.2.2. Equilibrium—dispersive model

In contrast to the previous model, the axial
dispersion and the mass transfer resistances are
included in the equilibrium—dispersive model. How-
ever, the model assumes that the mass transfers are
fast, so both effects are combined into an apparent
dispersion coefficient, D,,. To simplify the numerical
caculations, we assume that the dispersion coeffi-
cient is independent of the components and constant
in al the columns of the SMB unit. The differential
mass balance for component i in section j and
column Kk is then written

2
aCi,j,k . aCi,j,k _ D . (:) Ci,j,k F . aqi,j,k
at Yk Tz w2 Kot

=0

(5)

This model also assumes instantaneous and constant
equilibrium between both phases, but it accounts for
the effects of a finite column efficiency, N. Knowing
the column efficiency, the apparent dispersion coeffi-
cient can be determined:

u L
_ ke
Dap = 2N, (6)

where the mobile-phase linear velocity, u; ,, depends
on the porosity of the column, and on the section of
the SMB in which the column is located. To ensure
numerical stability in the calculation of the numerical
solution of Eg. (5), the spatial increments in each
column j,k have to be adjusted depending on the

linear velocity, u;,, and the minimum efficiency,
Nmir*l'

This numerical solution of the model was proven
accurate in many cases [6,27]. The model would
have to be extended with a kinetic equation if the
mass transfer kinetics is sow. Such a model, the
transport—dispersive model [27], is nhot considered in

this work.

2.3 Isotherm equation

The solid-phase concentration g; ;  in Egs. (4) and
(5) is related to the mobile-phase concentration by
the adsorption isotherm. A linear adsorption equilib-
rium is considered here, hence

Gk =f(CpCo ) =aC  « (7

Component 1 is assumed to be less retained than
component 2 in the column, i.e. a; <a, and « = a,/
a, > 1

In the case of nonlinear adsorption behavior, the
relationship between solid and liquid phases can be
described with the competitive Langmuir adsorption
isotherm. This isotherm accounts for the competitive
interactions of the feed components with the solid
phase. If a common saturation capacity, q., is
assumed, the isotherm model is thermodynamically
consistent:

ab:C ; «
M
1+2I:1blcl,j,k

24. Initial and boundary conditions

Q.jx= (8)

To solve the mass balance equations, the correct
initial and boundary conditions must be defined. The
initial condition corresponds to a separator contain-
ing only the liquid and solid phases in equilibrium
but no feed components:

C«x0)=0, g ;.x0)=0 (9)

The boundary conditions a the nodes between
sections are defined as

G, (LC,t)QIV
Ci,l,k(ovt) = kT
CinilledQu +Cl Qe (10)
Ci,lll,k(ort) = : Q.
Ci0)=C ;1. Lct), j=1LIV
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aC
0z

Let)=0 (11)

The boundary conditions for additional columnsin a
section are equivalent to the third condition in Eqg.
(10). The inlet concentrations of a section are
defined by the mass balance eguations of the corre-
sponding node. In the literature, the node moddl is
described and discussed extensively
[2,17,19,21,23,26]. This model combines the mass
balance equation with the flow equation at each feed
and draw-off node to realize the simulated counter-
current in a series of columns. Note that the node
model does not take into account the back-mixing
and the dispersion which take place between col-
umns, in the connecting tubes, valves, and pumps of
the SMB separator. In practice, these parts contribute
significantly to band dispersion. These contributions
must be included in any theoretical modeling, par-
ticularly those of the dead volumes [28].

The feed and draw-off nodes are shifted, after a
certain time equal to the SMB period, to the next
position in the fluid direction. This creates the
simulated counter-current motion of the solid phase.
To account for this periodic changing of the feed and
draw-off nodes, the boundary conditions of each
column are updated accordingly at the beginning of
each new cycle.

2.5. Conventional separation conditions

The successful operation of an SMB process relies
on the fulfillment of a number of separation con-
ditions. To achieve a good separation, the flow-rates
in all four sections must be chosen in such away that
the fronts and rears of the bands of the two com-
ponents of the feed are within specific location
ranges at the end of each cycle. Ruthven and Ching
[2] showed that an SMB separation can be studied as
an equivalent TMB process when taking into account
that the simulated solid-phase flow-rate of the SMB
system isidentical to the solid-phase flow-rate of the
TMB process. This flow-rate is given by

Qs = (1— g)Aug = (1— )AL/t (12)

where t* is the switching (or cycle) time, ug the
apparent velocity of the solid phase, and A the cross

section of the column. The internal flow-rate of the
TMB can be calculated by using

QjTMB:QjSMB_Qs/Fk (13)

The derivation of the separation conditions is
based on the ideal or equilibrium model, i.e. on the
assumption that axial dispersion and the mass trans-
fer resistances are al negligible and that the column
efficiency isinfinite. In conventional studies of SMB,
it is further assumed that the solid-phase flow-rate
through each column and the void fraction of each
column are the same. This assumption will no longer
be valid if the columns have different characteristics,
as we discuss later. In the linear case, the ratio of the
internal flow-rate and the solid-phase flow-rate can
be combined with the Henry coefficient by using a

safety margin, B

QM"*IQs=a,B, (14)
Qi"*/Qs=2,8, (15)
Q' /IQs=a,/B,, (16)
QV'°/IQs=a,/B, (17)

The flow-rate has to be larger in section |1l than in
section I, since Q,,, = Q,, + Q. Based on the safety
margin this can be expressed by

BB <a (18)

To achieve the complete separation of a binary
mixture in the framework of the ideal model (i.e.,
with no axial dispersion), the safety margins must be
larger than one [2]:

B>1 (19)

Egs. (18) and (19) define a sufficient number of
criteria to allow the correct choice of the operating
conditions in linear SMB. This set of conditions is
equivalent to the one derived by Storti et al. [16] (see
Appendix A), the so-called ‘“Triangle Theory.
However, both sets of conditions are based on the
assumption that al columns have identical charac-
teristics and an infinite efficiency. In practice, the
different columns of an SMB separator cannot be
identical. Their individual average porosity, per-
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meability, retention factors, and their efficiency are
more or less different, however dlightly.

2.6. Revised set of separation conditions

When the columns (k= 1, ...,n) of an SMB have
different properties, the true period of the system, the
time after which the system returns to its initia
conditions, is no longer the switching time but is n
times larger. We call this time the superperiod of the
SMB. When we consider an SMB with n — 1 identi-
cal columns, we define as the initia or first cycle of
a superperiod the cycle during which the nth (i.e.,
the different) column is in the section considered.
During the following cycles, this different column
migrates progressively to the next sections, as usual.

As explained earlier, we focus in this work on the
effects arising from columns having different
porosities, hence different retention factors for the
components of the feed. The retention factor of
component i in the physical column k (a column
which will be successively part of the four different
sections of the SMB) is proportional to the Henry
coefficient, a, and to the phase ratio, F,. As dis-
cussed earlier, the phase ratio depends on the total
porosity of the bed, &. Both parameters are part of
the equations used to calculate g (Egs. (14)—(17)).
Thus, the exact values of these important design
parameters will vary from column to column. In
some cases, it might even be that a g, ; is less than
one during one of the cycles constituting the super-
period, while it will remain higher during the other
cycles (or at least during most of them). The
separation conditions derived above have to be
extended to such cases. Every column leads to a
different set of separation conditions. Thus, the total
number of these conditions equals the total number
of columns in the SMB process considered. Obvious-
ly, the characteristics of the production (amount
produced per cycle and purity of both output
streams) will vary during a superperiod.

Our first aim becomes the derivation of a revised
set of separation conditions that allows the choice of
the flow-rates through the four sections of an SMB
process and takes into account the characteristics of
the different columns used. By defining the dimen-
sionless internal flow-rate as

Qt*
1AL

r (20)
we can extend the separation conditions described
above. In addition to r;, we also define the following
boundary parameters:

A=a,(1- )+ & (21)

h, =a,(1-g)+ & (22)

where the subscript k identifies the physical column.
In Appendix B, we detail the derivation of the new
separation conditions from the conditions given by
Storti et a. [16,17]. A simple algebraic transforma-
tion leads to the following new set of equations:

r,=h, (23)
g=ry=ry=h (24)
My =0 (25)

The important advantage of this extension com-
pared to a method using the safety margins, g, and
the “Triangle Theory” [16,17] is that r; does not
depend on the porosity of the columns. Thus, the
operating conditions, which are described by the four
internal flow-rates, do not change depending on the
subset of physical columns contained in the section
considered during a given cycle. Only the boundaries
of the inequalities which define the conditions to be
satisfied by the r;’s are functions of & and &,. These
boundaries depend on the specific columns consid-
ered. As shown earlier [16,17], the constraints for the
flow-rates in the central sections of the SMB unit
(Eq. (24)) can be represented by a simple graph, the
separation triangle. To achieve complete separation
based on the equilibrium theory [15], the operating
conditions must be chosen in such a way that the
corresponding point in the (r,,,r,,,) plane is located
inside a triangle defined by the parameters of the
separation (see later and Fig. 2). Thus, when the
columns are different, there is a different triangle in
the (r,,,r,,) plane for each column. For complete
separation, the point representing the experimental
conditions selected must be inside all these triangles.
Since the production rate depends on the location of
the point inside the triangle, variations between the
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Fig. 2. Separation triangles based on the equilibrium theory for
different porosities under linear conditions. |sotherm parameters:
a, =35 and a, =4.2; solid line triangles — separation triangle
for porosities of £ =0.7 (L0.7) and £ = 0.65 (L0.65) and for the
average porosity of eight columns of &= 0.6875 (L8av); dashed
line — horizontal scanning of the triangle (r,,, = 1.92).

column characteristics will cause a change in the
productivity of the unit considered.

In the following discussion, we examine only the
effect of differences in the column porosity. Since
the values of g, and h, are functions of both the
Henry coefficients and the column porosities, this
discussion is sufficient to describe the effect of
different retention factors on the SMB process.

3. Results and discussion

In the following discussion, we need to use a
specific example to illustrate the general results
derived from the analytical solution of the ideal
model under linear conditions and those obtained
with the numerical solutions of the equilibrium—
dispersive model under linear and nonlinear con-
ditions. For this arbitrary example we elected a
difficult separation, yet not uncommon for enantio-
meric separations, with a separation factor o = 1.2
and a Henry coefficient for the first component,
a, = 3.5. The two additional coefficients b, and b,

of the Langmuir equilibrium isotherm are 0.05 and
0.06 1/g, respectively. These coefficients guarantee a
common saturation capacity.

For the sake of simplicity, we introduce in detail
our revised set of conditions in the hypothetical case
of a four-column SMB operated under linear con-
ditions. In this case, a comparison is made between
the analytical and numerical solutions. Later, we
extend our discussion to multi-column SMBs (with
two or more columns in each section). For the
simulation the columns are assumed to be 10 cm
long and to have a diameter of 1 cm. The cacula-
tions made under nonlinear conditions were per-
formed with a feed concentration of 5 g/l for each
compound.

In this study, one of the columns (called the odd
column for the sake of convenience) has a different
porosity &, =0.65 (hence F, =0.538) while the
other columns are identical and have a porosity
&, =0.70 (hence F, = 0.429). Accordingly, the re-
tention factors k; , and k;, of the two components
are 1.883 and 2.26 on the odd, low-porosity column
and 1.502 and 1.802 on the three high-porosity
columns, respectively.

Note that the porosity difference selected (values
of 0.65 versus 0.70) may seem to be large. Yet, it is
realistic for a set of chromatographic columns
packed carefully with the same material, at the same
time, by the same operator [22].Values of the relative
standard deviation of 3.64, 2.55, and 2.07% are
reported for four-, eight-, and 12-column systems,
respectively. The chosen setting with only one
column different from a set of identical columns is
done for the sake of simplicity of this theoretical
work.

Due to the cyclic nature of the SMB process, the
odd column is successively substituted with one of
the identical columns in each of the sections. In the
next subsection, the observed changes in the con-
centration profiles of the two components in section
Il of the SMB are discussed for the linear case in
detail. This discussion could also be done for section
I11. In either case, the concentration profile of only
one product stream changes. Under linear conditions,
the behaviors of the two sections can be studied
independently because the linear isotherm is non-
competitive and there are no interactions between the
concentration profiles of the two components.
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3.1 Effect of different porosities under linear
conditions

To achieve complete separation of the binary
mixture and avoid contamination of one of the two
products by the other one during al four cycles, the
values chosen for r,, and r,,, must fulfill the sepa-
ration conditions (Eg. (24)) based on the equilibrium
theory for al four columns. Thus, the point repre-
senting the chosen flow-rate ratios in Fig. 2 must lie
inside the region common to the triangles labeled
L0.65 and LO.7.

Obvioudly, the choice of the flow-rate in section 11
is limited by this new requirement. Points close to
the apex of either triangles are excluded. According-
ly, the production rate decreases and the solvent
consumption increases because the production rate is
proportional to and the solvent consumption is
inversely proportional to the distance between the
operating point and the diagonal of the plot. If these
points are inside the common area, close to the
diagonal, the process has to be operated away from
its optimum.

However, during part of the superperiod, the odd
column is in either section | or section 1V, where it
does not contribute directly to the pollution of the
product streams as long as the separation constraints
are fulfilled in these sections (and solvent and solid
phase are purified from feed components). Thus,
there may be conditions under which the separation
is degraded but not lost. We consider now operating
points still located in the triangle LO.7 but outside
the triangle L0.65 in Fig. 2. Under linear conditions,
it is possible to identify several regions in this area.
The mathematical derivation of these regions for a
four-column SMB is presented in detail in Appendix
C. Fig. 3 displays the boundaries of these regions for
arbitrarily chosen values of r, =22 and r,, =17
which il satisfy the constraints of these two
sections for all columns.

Within the first boundary ((1) dotted line, Eq.
(C.8)), the separation condition in section Il is not
fulfilled during only one of the four cycles of the
superperiod. The following cycle is able to compen-
sate the variation of the column porosity. According-
ly, the extract stream is only polluted during this one
cycle and is pure during the other three cycles. If the
operating point is located within the boundary set by

the dash-dotted line ((2), Eqg. (C.13)), the cycle
following the odd column could not push back the
rear front of the raffinate entirely. The extract stream
contains raffinate during two consecutive cycles. If
the operating point is between the dash-dotted and
the dashed line boundaries ((3), Eq. (C.17)), the
extract is pure only during one cycle. Finally, the
extract stream is polluted during all four cycles, to a
different degree during each cycle, when the oper-
ating point is located outside this last boundary.
However, the SMB process remains stable as long as
the separation conditions are fulfilled in the first
section. The higher flow-rate in section | prevents
further pollution of the SMB system.

Fig. 3 shows a comparison between the different
models describing the SMB process under linear
conditions. At a constant value of r,, =192, the
Separation area is scanned by changing r,, from the
g,-boundary (at r,, = 1.75, Eq. (21)) of the triangle
LO.7 (Fig. 2) to the diagonal of the separation
triangles (r,,, = 1.92). The thick horizontal line in
Fig. 3 represents the pure extract stream of the
separation triangle calculated with the average po-
rosity for a four-, eight-, and 12-column SMB
system. These calculation are based on the equilib-
rium theory by neglecting axial dispersion and mass
transfer resistance and assuming infinite efficiency.
The thick line with dots displays the purity calcu-
lated using the analytical solution of the ideal model
with four columns, with the exact porosity values.
The purity of the extract stream declines significantly
with decreasing r,,. There is a difference of approxi-
mately 2% at the boundary of gdav (separation
triangle with an average porosity for four columns,
Eg. (21)). The difference increases to approximately
6 and 10% at the boundaries of g8av and gl2av,
respectively.

The three thin lines with symbols represent the
results of the numerical solution for the equilibrium—
dispersive model with a minimal efficiency N, of
100 plates to take the mass transfer and diffusion
effects into account. The four-column SMB system
(solid triangles) gives the largest difference from the
ideal solution. The extract stream does not even
reach 100% purity in the common area of both
triangles (area between g, = 1.875, Eq. (21), and the
diagonal). At the boundary of gl2av, the extract is
only 80% pure. Increasing the number of columns
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gl2av g8av gdav

Purity [%]

rII

Fig. 3. Purity of the extract under linear conditions. |sotherm parameters, see Fig. 2; solid line — Eq. (21) with g, = 1.875 (¢ =0.7) and
g, = 1.75 (¢ = 0.65); thick solid line — pure extract based on “‘Triangle Theory”” for average porosities of 12 (gl12av), 8 (g8av), and 4
(gdav); column (1) dotted line — Eq. (C.8), (2) dash-dotted line — Eq. (C.13), (3) dashed line — Eq. (C.17); solid line with circle —
analytical solution for four columns, solid line with square — 12 columns (100 plates), with diamond — eight columns (100 plates), and

with triangle — four columns (100 plates).

per section results in a decrease of the influence of
the single odd column. With two or more columns
per section, the extract stream is pure within the
common area. It is nearly so within the boundary of
the dotted line. Of course, the purity of the extract is
higher for three columns per section at lower r,,
values. At the boundary of gl2av, the extract is till
approximately 95% pure, compared to approximately
89% with two columns per section. Choosing the
operating conditions further inside the separation
triangle reduces the differences more and more.

As shown with the simulation results under linear
conditions, the influence of column-to-column vari-
ation can be corrected by using more than one
column in section Il. In an attempt to increase the
production rate, the operating point may be selected
outside the common area of the region defining
complete separation for every single column in a

four-column SMB unit. This will lead to pollution of
at least one of the product streams. If the operating
point lies left of the common area in Fig. 2, the
concentration profile of component 1 does not entire-
ly return past the feed node during the corresponding
cycle. Therefore, the extract produced during the
next cycle contains some component 1. By adding
one or more columns into section |l, the distance
between the extract node and the rear end of the
concentration band of component 1 can be increased.
This minimizes the effect of axial dispersion and
mass transfer kinetics and is the main reason why
multi-column sections are frequent in SMB. The
addition of a second column in section Il can also
reduce the consequences of column-to-column varia-
tions of the porosity or the retention factor (see Fig.
3). If the separation condition is not fulfilled during a
cycle, the rear of the concentration band of com-
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ponent 1 stays in the column next to the feed node at
the end of the cycle. However, the extract steam is
polluted only if the band profile is moved back into
the first column of section Il at the end of a cycle.
This pollution can be avoided if the rear of the
concentration band is entirely pushed back into one
of the last columns of section Il or in section Il
during the cycle that follows the one during which
the separation condition is not satisfied. This ar-
rangement requires that columns with a porosity
higher than average be followed by columns with a
porosity lower than average.

If the operating point is located above the area
common to the operating triangles of all the col-
umns, the concentration profile of component 2
passes the raffinate port during the cycle in which the
column with the highest h, is in section 111 and the
raffinate stream of the second cycle will contain
some component 2. If section 111 contains more than
one column, however, the front of the band of
component 2 may propagate through the first column
after the feed node if this column has a higher than
average porosity. However, in the additional column
in section 111, having a lower porosity, this front can
be sufficiently pushed back toward the feed node
during the next period. Then, pure raffinate can still
be produced. This will happen if a column with a
higher than average value of h, is followed by a
column with a value of h; lower than average.

The modeling situation is more complex and the
consequences less significant when the SMB unit
contains several columns in some (or al) of its
sections. An appropriate choice of the relative col-
umn positions may prevent pollution of the products.
As the number of columns used in a section in-
creases, the effect of column-to-column variations of
their properties on the performance of the process
decreases. It is the cycle-to-cycle fluctuations of the
average set of p columns contained in the section
that counts now, no longer the column-to-column
fluctuations of the porosity. Obviously, the former is
less than the latter.

Another option for limiting the effects of column-
to-column variation is to take their arrangement into
account. Since, in practice, al the columns will be
different from the ““average’’ one, is there a best way
to position the columns relatively to each other when
one has a set of columns of different porosities?

Calculations were performed using al possible
combinations of four different columns, al having
different porosities. Our calculations did not find a
significant difference between the performance of the
SMB units made with different relative positioning
of these columns, under linear conditions.

3.2 Influence of the separation factor on the
acceptable column-to-column variations of the
porosity

The conseguences of having columns with differ-
ent retention factors for the two feed components on
the purity of the extract and raffinate were discussed
in the previous section. It was shown that the ideal
model predicts a separation of the feed into two
streams of 100% pure products diluted into the
desorbent only if the operating point lies inside the
common area of the separation triangles defined by
the different column characteristics. The more differ-
ent the columns are from each other, the smaller this
common area and the lower the production rate of
pure fractions.

It would be useful to have a relationship estimat-
ing the maximum difference between the porosities
of the odd column and that of the other three
columns that allows the achievement of a certain
separation, even with a zero production rate. We
calculate here the maximum acceptable variation of
the porosities of the individual columns around a
constant average porosity, ,,, for the set of columns
used in an SMB unit. Following the equilibrium
theory, the extract and the raffinate streams will be
100% pure if the operating triangles corresponding to
the different columns overlap. The condition are
fulfilled when the maximal value of the first bound-
ary parameter, ¢, iS smaler than the minimal
value the second one, h,,,, (see Fig. 2). g, and h, are
given by Egs. (21) and (22). Because a, > 1 in most
Cases, 0,,, corresponds to ¢,,,, and h,;, t0 &, In
this case, the acceptable limits of the porosity are
Ae/2. A zero production rate is achieved if g, =
h,,- From Egs. (21) and (22), the following rela-
tionship between «, a,, and the average value of the
porosity, &,, is easily derived:

£< (0[ - 1)(1_ gav)

2 =" 1ta-2a (26)
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Fig. 4. Acceptable fluctuation of the porosity as a function of . &,, = 0.675 and a, = 3.5; solid line — zero production rate; dashed line —

50% production rate of the thermodynamic maximum.

This relationship is illustrated in Fig. 4. The
acceptable relative variation of the column porosity
increases with increasing separation factor. As «
decreases, however, the areas of the triangles corre-
sponding to the different columns decrease and their
common area tends to vanish rapidly. Then, it
becomes increasingly difficult to find an acceptable
operating point. Eq. (26) must be used cautiously for
several reasons.

First, the production rate is proportional to the
distance of the operating point to the diagonal of the
plot (Fig. 2), i.e. to the height of the triangle
common to the operating triangles of all the columns
[16,17]. The apex of the separation triangle corre-
sponds to the maximum production rate. The latter is
determined exclusively by the thermodynamics of
the separation. When the common area vanishes, the
production rate of nearly pure products (or, for that
matter, of products of any given purity) decreases.
Thus, pure products can be made aong the solid
lines in Fig. 4 but their production rate is zero,
certainly an unacceptable situation. An important

loss of production rate takes place for lower fluctua-
tions of the column porosity. The figure shows that a
porosity variation of +13% is unacceptable even for
very easy separations (¢ >2.0 and a, =3.5) and
variations of a few percent only are acceptable for
a <14, a value that is not uncommon in enantio-
meric separations. A more practical condition is aso
illustrated in Fig. 4. The dashed lines gives the
porosity fluctuations which cause a 50% reduction of
the maximum possible production rate, corre-
sponding to the apex of the triangle L8av in Fig. 2.
This limit can easily be calculated from simple
geometrical relationships in this figure, leading to the
following relationship:

Ao (a,/2)(@ - 11— )
2 (@/2)(1+3a)-2 (27)

This last result shows clearly how specifications
regarding the acceptable column-to-column fluctua-
tions should be set, based on the relationship be-
tween these fluctuations and the production rate loss
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that they cause. A high production rate requires low
variations of the column porosities.

Second, Eq. (26) is based on the ideal model and
on arigid assumption concerning the variation of the
porosity from the average value. The influence of the
finite column efficiency causes the profiles to be-
come less steep and, accordingly, the production
drop to become noticeable for lower variations of the
column porosities but also to take place more
progressively when the boundaries in Fig. 4 are
approached. Admittedly, the apex of the L8av tri-
angle is not a robust optimum and, for stability
reasons as well as because of the axial dispersion of
the band profiles, the operating points of SMB units
should be located closer to the diagonal of the
(r,,»r,;;) plot. This hardly changes anything essential
to the rational just presented.

Finally, this discussion of the acceptable variations
of the porosity in a set of columns is only valid
under linear conditions. With increasing concentra-
tions, the nonlinear behavior of the phase system
increases and the common area of the now curvi-
linear separation triangles decreases very rapidly. So
far, such a simple relationship as Eq. (26) could not
be found for nonlinear separation. However, this
relationship provides a good estimate of the mini-
mum specifications required for satisfactory opera-
tion under moderately nonlinear conditions.

3.3 Effect of different porosities under nonlinear
conditions

As mentioned earlier, the consequences of having
SMB columns with different porosities become more
severe under nonlinear conditions. Simple elution
chromatograms calculated with our hypothetical
Langmuir adsorption isotherm (Fig. 5) show signifi-
cant variations of the retention times and band
widths with changes in the column porosity. Both
calculations were performed with the same values of
the column efficiency (N = 1000), but for different
porosities (¢, = 0.65 and &, = 0.7). With a flow-rate
of 1 ml/min the difference between the retention
times is about 1 min. Due to the longer retention, the
profile obtained with the lower-porosity column is
somewhat broader than the one obtained with the
high-porosity column.

Now, we examine the more realistic cases of a

351

Concentration [g/l]
~

o
T

0.5

0 1 12 138 14 15 16 17 18 19 2
Time [min]

Fig. 5. Elution profiles of the competitive Langmuir Isotherm.
Isotherm parameters: a, = 3.5, a, = 4.2, b, = 0.05, and b, = 0.06
with two different porosities (¢, = 0.65 — dotted line, £, = 0.7 —
solid ling) for a concentration of 5 g/l and a flow-rate of 1
ml/min.

four-column and of multi-column SMB units oper-
ated under nonlinear conditions, with afeed at C.; =
5 g/l, corresponding to b,C., =0.30, a relatively
high degree of nonlinear behavior (see parameters at
the beginning of the section Results and discussion).
One of the columns is odd (& = 0.65), the other have
identical porosities (g, = 0.70). The caculations are
performed using the same numerical solution algo-
rithm of the equilibrium—dispersive model as used
under linear conditions [6,27]. Calculations are car-
ried out assuming column efficiencies of 30, 50, and
100 theoretical plates, successively. These efficien-
cies are typical of many current implementations of
SMB under nonlinear conditions [29].

Fig. 6 shows the three separation triangles of the
revised set of separation conditions, calculated [16]
for both porosities and for the average porosity
(&5, = 0.69375) of an eight-column SMB, respective-
ly. There are no reasonable operating conditions
corresponding to the common area of the curvilinear
triangles in Fig. 6. The feed flow-rate corresponding
to the apex of this triangle (Freeq = 0.08 ml/min for
a switching time of 5.1 min) was smaller than the
minimum flow-rate which our pump [9] can deliver
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Fig. 6. Separation triangles based on the equilibrium theory for
different porosities under nonlinear conditions (C., =5 g/l).
Isotherm parameters: see Fig. 5; solid line triangle — separation
triangles for eight-column SMB with an average porosity of
&, =0.69375; dashed line triangle — separation triangles for
porosity &, = 0.65; dotted line triangle — separation triangles for
porosity &,=0.7; solid line — scanning the separation area
parallel to the diagonal; operating point * — r, =2, r,, = 171,
r,, =175, and r,, = 1.6; operating point X —r, =2, r,, =177,
r,=179 andr, =16.

reproducibly. Thus, it was not possible to follow the
same rational as used successfully earlier in this
work, under linear conditions. As a first step we
scanned the separation region parallel to the diagonal
of ther,—r,,, diagram (solid line in Fig. 6). Calcula-
tions were performed assuming a column efficiency
of 50 plates. Steady state was always reached after
200 cycles. The purities of the extract and raffinate
obtained are displayed in Fig. 7. Parts (9), (b), and (c)
of this figure correspond to results obtained for one,
two, and three columns per section, respectively. The
solid lines correspond to the boundaries of the
separation triangles for the average porosities.

For the four-column SMB, the deviation between
purities calculated with the exact porosity values and
those obtained with the average porosity is most
significant. At the operating point giving the purest
product streams (r,, = 1.77 and r,, = 1.79, symbol
X in Fig. 6), the extract purities calculated with the
exact and the average porosities are 91.6 and 95.6%

and those of the raffinate 88.6 and 92.05%, respec-
tively (Fig. 78). At the same operating point, the
differences between the extract and raffinate purities
calculated by the two methods decline to 0.5 and
0.6% for two columns per section, and to 0.03 and
0.09% for three columns per section, respectively.
The chromatograms of the eight-column SMB
system corresponding to the operating point (X) are
presented in Fig. 8. They were caculated for the
50-plate efficiency used in simulations discussed in
Fig. 7b (thin line) and also for 30 plates (thick line),
under steady-state conditions. These results illustrate
the influence of the efficiency on the performance of
the SMB. At the lower efficiency, the chromato-
grams obtained are more disperse and the product
streams more polluted. The difference between the
chromatograms calculated with the average porosity
(eight identical columns) and the exact porosities
(one odd, seven identical columns) is larger at lower
plate numbers. In Table 1 the purities of the extract
and raffinate are reported for the different conditions.
To increase the production rate of the SMB
process, an additional operation point was chosen
(r, =171 and r,,, = 1.75, *). This point is much
closer to the apex of the triangle of the average
porosity (solid line in Fig. 6) but dtill inside the
triangle of the higher-porosity column (dotted lin€).
It corresponds to a higher flow-rate in section Il than
under the first condition. This leads to a higher
production rate and a lower solvent consumption but
aso a less robust operation than under the first
condition. In Table 2, the purity of the extract and
the raffinate streams are reported. Again, this shows
clearly that reducing the efficiency causes a decrease
in product purity and also an increase in the differ-
ence between the stream purities calculated for a set
of eight identical columns having the average po-
rosity and for the actual set including an odd column
and seven identical ones, even though both sets have
the same average porosity. The difference between
the purities of the two extract streams is significant
for an efficiency of 30 plates (relative standard
deviation of the average purity of the extract during
each cycle over a superperiod, 2.09%). These results
are illustrated by the chromatograms in Fig. 9
(column efficiencies, 30 and 100 plates). The thick
line profiles (N = 30 plates) are broader and overlap
more. The differences between the chromatograms
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Fig. 7. Purities of the extract and raffinate under nonlinear conditions. (8) Four-column SMB, (b) eight-column SMB, and (c) 12-column
SMB. operating point X —r, =2,r,=177,r,, =179, and r,, = 1.6. |sotherm parameters: see Fig. 5; solid line — separation area based
on the ““Triangle Theory” for the average porosity values; filled square — purity of the extract for the average porosities; empty square —
purity of the extract for the exact porosities; filled circle — purity of the raffinate for the average porosities; empty circle — purity of the
raffinate for the exact porosities.

calculated for the set of eight average-porosity a last calculation. In this case, we compare the
columns (dotted line) and for the set of different results obtained with an eight-column SMB unit,
columns (solid line) can be clearly seen. using either eight identical columns of porosity &,, =

Finally, the importance of considering the exact 0.7 or a set of eight different columns all having

column characteristics is underlined by the results of different porosities (0.71, 0.66, 0.67, 0.71, 0.72,
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Fig. 8. Steady-state concentration profiles (200 cycles) of the separation condition (X) in Fig. 6. Isotherm parameters: see Fig. 5; solid line
— seven columns with &, = 0.7 and one column with &, = 0.65; dotted line — eight columns with &,, = 0.69375; thick line — 30 plates;

thin line — 50 plates.

Table 1

Comparison of extract and raffinate purities calculated with the
equilibrium—dispersive model at the operating point X in Fig. 6
(r,=2r,=2177r, =179, and r,, = 1.6) with different num-
bers of plates (50 and 30) under steady-state (200 cycles) and
nonlinear conditions (c.; =5 g/1)

Table 2

Comparison of extract and raffinate purities calculated with the
equilibrium—dispersive model at the operating point * in Fig. 6
(r,=2r,=171r, =175 and r, = 1.6) with different num-
bers of plates (100, 50, and 30) under steady-state (200 cycles)
and nonlinear conditions (c.; =5 g/l)

Column Number of plates Column Number of plates
number, 50 30 number, 100 50 30
k Ex Ra Ex Ra k Ex Ra Ex Ra Ex Ra
(%) (%) (%) (%) (%) (%) (%) (%) (%) (%)

1 99.31 98.98 93.71 94.37 1 9929 9988 9808 9935 9261  97.27
2 99.35 98.99 93.94 94.44 2 9933 9988 9817 9935 9286  96.07
3 99.38 99.00 94.15 94.48 3 9937 9988 9825 9936 9308  96.08
4 99.41 99.00 94.32 94,51 4 9940 9988 9832 9936 9326  96.09
5 99.43 98.89 94.48 93.96 5 9943 9987 9838 9932 9341 9586
6 99.45 98.92 94.62 94.08 6 9945 9988 9843 9933 9355 9591
7 99.47 98.94 94.74 94.20 7 9947  99.88 9847 9933 9367 9597
8 99.49 98.98 94.85 94.30 8 9949 9988 9851 9934 9377  96.01
Average Average
purity value 99.41 98.96 94.35 94.29 purity value  99.40  99.88 9833 9934 9328  96.00
Purity of Purity of

En 99.86 99.58 97.08 96.26 Ea 9994 9999 9942 9973 9608 97.27
Difference 0.5 0.6 2.7 2 Difference 0.6 0.1 11 04 2.8 13
RSD (%) 0.19 0.44 2.02 1.46 RSD (%) 0.38 0.08 0.78 0.28 2.09 0.93
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Fig. 9. Steady-state concentration profiles (200 cycles) of the separation condition (*) in Fig. 6. Isotherm parameters: see Fig. 5; solid line
— seven columns with &, = 0.7 and one column with &, = 0.65; dotted line — eight columns with &,, = 0.69375; thick line — 30 plates;

thin line — 100 plates.

0.68, 0.77, and 0.69) randomly generated by the
Microsoft Excel Tool. For this last set the mean
value is 0.7 and the relative standard deviation 5%.
The calculations were performed with a column
efficiency of 50 plates, under the same experimental
conditions of the first operating point (*). In Fig. 10,

the solid and the dotted lines show the calculated
band profiles. The difference between the extract
purities is 1%. Regaining this extra 1% purity could
be costly in terms of production rate in some cases.

Table 3 reports the production rates obtained with
the two column sets. The production rates of the
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Fig. 10. Comparison of the steady-state concentration profiles (200 cycles) of the separation condition (*) in Fig. 6 for an average porosity
of &,, = 0.7 (dotted line) and eight different porosities g, (0.71, 0.66, 0.67, 0.71, 0.72, 0.68, 0.77, and 0.69) (solid line). |sotherm parameters:

see Fig. 5.
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Table 3

Production rate of extract and raffinate calculated by the equilib-
rium—dispersive model at the operating point * for conditions
defined in Fig. 10

k Production rate

(107° mg/s ml )

Extract Raffinate
1 9.5 9.9
2 9.6 10.6
3 9.6 9.4
4 9.7 10.0
5 94 9.7
6 8.6 9.4
7 9.7 9.7
8 9.3 9.5
Average
PR value 9.4 9.8
RSD (%) 3.8 4.1
PR of

&, 9.4 9.3

av

extract and the raffinate are functions of the average
concentration of the requested component, the ex-
tract or the raffinate flow-rates, and the total volume
of packing material in the set of columns. There is
no significant difference between the extract pro-
duction rates of both systems but the difference
between the production rates of the raffinate has an
RSD of 3.7%. During the eight cycles of the
superperiod, the values of the production rates of the
extract and raffinate are also changing, with RSDs of
3.8 and 4.1%, respectively.

4. Conclusion

Several important conclusions can be drawn re-
garding the influence of column-to-column fluctua-
tions of the porosity on the production rate and
product purity which can be achieved under linear
and nonlinear conditions.

(1) The requirement usually set in theoretical
studies of SMB that all the columns are identica is
set for convenience. A SMB unit can be operated
successfully with columns giving significantly differ-
ent retention times for the two compounds involved
in the separation. The consegquences of using differ-
ent columns in a SMB unit may be serious.

(2) The specifications regarding the acceptable

range of parameters for the different columns of a
SMB unit become more severe when the separation
factor decreases. They become drastic when «
approaches 1. This increased severity of the require-
ment of narrow fluctuations of the column charac-
teristics may eventualy limit the applicability of the
SMB process in the case of really difficult sepa
rations (« around or below 1.1).

(3) The closer to the optimum are the conditions
under which this process is operated, the more the
production rate and/or the product purity decrease
with increasing fluctuations of the column charac-
teristics.

(4) SMB implementations using more than one
column in a section are more robust toward column-
to-column variations of the column properties than
the equivalent ones having only one column per
section. The robustness increases with increasing
number of columns in each section.

(5) There is only a minor influence of the column
arrangement on the performance of an SMB. A
barely significant compensation of the effects of
column-to-column variations is achieved by alternat-
ing the columns, juxtaposing columns with extreme
characteristics.

(6) The results of this study can be extended to
SMB separation operated under nonlinear conditions.
The effect of the nonlinear behavior of the isotherm
can be illustrated easily using r; (Eg. (20)) to define
the separation conditions. If the isotherm is nonlinear
and the feed concentration increases, the region of
complete separation becomes smaller. It is no longer
arectilinear but a curvilinear triangle. If the columns
are different, each one of them has a different
curvilinear triangle. In order to achieve a high
product purity, the operating point must be located
inside the triangle corresponding to N identical
columns having the average porosity but not too
close to its apex or its borders (the last condition
arises from the need to use columns with a finite
efficiency). Calculations show that the area available
decreases with increasing amplitude of the column-
to-column variations. Since the area of a separation
triangle is already smaller under nonlinear than under
linear conditions, the specifications regarding col-
umns are most important in the case of difficult,
nonlinear separations, e.g. many enantiomeric ones.
Careful attention must be paid to setting and enforc-
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ing proper specifications for the range of variations
of the column properties.

(7) Finaly, although emphasis was placed in this
work on column-to-column fluctuations of the col-
umn porosity, the influence of any other parameter
that controls the retention times or the migration
velocity associated with any given concentration of
the two solutes will be similar. For large columns,
the batch-to-batch reproducibility of designer pack-
ing material (e.g., for enantiomeric separations) may
become a critical issue [30].

5. Nomenclature

a Henry isotherm coefficient

A (cm?) column cross section

C (g/cm®) liquid-phase concentration

D,, (cm?/9) axial dispersion coefficient

F phase ratio

g amount of component 1 per vol-
ume and unit concentration

h amount of component 2 per vol-
ume and unit concentration

I.D. (cm) internal diameter of the column

L. (cm) column length

N theoretical number of plates

PR (mg/sml ) production rate of component 1
or 2

q(g/cm®) solid-phase concentration

Q (cm®/9 flow-rate

r dimensionless flow-rate

t(9 time

t* (9 switching time

u(cm/9 liquid-phase flow velocity

z axia coordinate

5.1. Greek symbols

a separation factor
B margin parameter
& overall void fraction

5.2 Qubscripts

D desorbent
E extract

F feed

R raffinate

S solid

i feed component (i = 1,2)

j section (I, I1, 11, IV)

k number of columns

max maximal value of g (see above)
min minimal value of h (see above)
p pore or particle
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Appendix A. Comparison of two separation
conditions

The two leading theories of complete separation in
SMB are the safety margin approach [2,23] and the
“Triangle Theory” [16,17,21]. Both approaches are
based on the equilibrium theory and can be trans-
formed into each other [31]. Eqgs. (14)—(17) in the
main text result from the first of these two theories.
Rewriting them with the classical relationship
Q" =QM® — Qg/F leads to the following equa-
tions for the SMB process:

QM?IQs— 1/IF =a,p4 (A1)
QM®IQs—1/IF=a,B, (A.2)
QN'®IQs— 1IF =a,/B, (A.3)
Q"% IQs—1/IF=a,/B, (A.4)

The left-hand sides of these last four eguations are
identical to the corresponding ratios of the net fluid
flow-rate and the adsorbed phase flow-rate m;. These
ratios are used as the basis for the separation
conditions of the *“ Triangle Theory™ in the following
equations:
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a,<m, <o (A.5)

a, <m,<a, (A.6)

a,<m,<a, (A.7)
p

T <M <3 (A.8)

P

where m, has to be larger than m, because the
flow-rate must be larger in section 111 than in section
I. Substituting m, and m, in this last condition
(m, > m,) with the equivalent expressions a, 8;, and
a,/B,,, respectively, gives directly a, 8, >a,/8,,,
i.e. Eq. (18) (B, B, < a). Similarly, if m in Egs.
(A.5)—(A.8) is replaced by the corresponding expres-
sions using & and B, then the condition presented in
Eq. (19) (B >1) is fulfilled.

If we choose B,,, greater than one, m,, =a,/8,,,
which is positive, and cannot be smaller than the
negative limit value given by Eqg. (A.8). The void
fraction inside the particle &, in this equation can be
neglected, and the lower limit is zero.

In conclusion, the two sets of operating conditions
were proven to be equivalent.

Appendix B. Derivation of revised separation
conditions

The revised set of separation conditions can be
derived directly from the relationships derived in
Appendix A and given in Egs. (A.5)—(A.8) and from
the condition m, <m, [21]. The value m; is defined
as [21]

QM Ve QT
M="V1-9 V(1-o 1-¢

(B.1)

where t* is the switching time and V is the total
volume of the column. Eq. (B.1) can be rewritten for
columns having different porosities &,:

- QjSMBt* g
M=V(1-g5) 1-¢

(B.2)

In the relationship a, <m,<m,<a, [21], m,
and m, can be replaced with the last equation. Each

term of the inequality is multiplied by (1— &), and
then &, is added:

Qi _qute
\Y, \Y
<(1-g)a,+ g (B.3)

1-g)a, +g<

At this point the following new variables r;, g,
and h, are introduced:

QB
="y (B.4)
9= (1—5)a, + 5 (B.5)
h,=(1-¢g)a,+ g (B.6)

The new variables are placed in Egs. (A.5)—(A.8)
which gives the revised set of separation conditions:

h,<r, <o (B.7)
g <r, <r,, <h (B.8)
o<r,, <g, (B.9)

where the particle porosity ¢, was assumed to be
Zero.

Appendix C. Identification of different
Separation regions in the r,,—r,,, plot under
linear conditions

The following mathematical derivations of differ-
ent separation regions are based on the analytical
solution of the ideal model [20], using four sections
in the SMB unit. They assume that the separation
conditions were not fulfilled during the cycle which
just ended and that the rear of the concentration
profile of component 1, the less retained one, is
polluting the extract. This is due to the lower
propagation velocity along a low-porosity column
than along the other ones. So, during the first cycle
of a superperiod, the velocity of component 1 in
section Il is too low and the rear of its profile cannot
be pushed back past the feed node before the end of
this cycle. It passes into section | at the end of the
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cycle and elutes with the extract during the second
cycle of the superperiod.

The propagation velocity of component 1 in
section I, along column k, is given by the following
equation:

Qy
Ala,(1—- &)+ &l

Wik= (C1)
This equation can be simplified by using Egs. (20)
and (21):

r,L

gk7 (C.2)

Wik =

The following relationship between the propaga-
tion velocities of the two feed components is valid
with the assumption made above (a, >1 and g, <
&):

W||,1(81) < WII,2(82) (C3)

The length distance, AL(1), between the rear of
the concentration profile of component 1 and the
feed node, when component 1 remains in section 11
at the end of the first cycle of the superperiod, can be
calculated as

fuk

01

- L(l - ;—) (C.4)

1

ALg(l)=L—w, t* =L —

At the beginning of the second cycle, after the
columns were switched, the remaining part of the
profile front of component 1 is in section |. The
column in section Il is now a high-porosity column
with a high propagation velocity. Under the follow-
ing conditions, the rear of the profile of component 1
will leave section Il at the end of this cycle and

W, ot WLt —t) = AL(1) +L (C5)

Assuming that AL.(1)=w,,t; and using Eq.
(C.2), this equation can be rewritten as

r|| L * _ AI‘C(l) *
ot (t rL g,t* | =L (C.6)
and thus

Rearranging this equation leads directly to the
following:

r|2| + (I’, - gl)rll — 0, =0 (C-8)

This equation has one positive solution, illustrated
by the dotted line (1) in Fig. 3. If r,, is located
within these boundaries the extract stream is polluted
only during one of the four cycles.

Note that in this equation, g, (see Eq. (21)) is the
highest of four possible boundary vaues g, and
corresponds to &,. The value g, is calculated for the
column next to column 1 in the direction of the fluid
flow. Although in the hypothetical case discussed
here there are only two different porosities (i.e.,
9,=0,=0,), the equations are derived for the
general (and more redlistic) problem of four different
columns.

If component 1 does not |eave section |1 at the end
of the second cycle, the remaining distance towards
the feed node can be determined by the following
relationship:

AL(2) =L —w,, ,t*

. Ny
=L-—(1-

2

—r
G ||) (C.9)
l’I

Following the same agorithm, the required con-
dition for the rear of the concentration profile of
component 1 to be pushed back through the feed

node into section |1l at the end of the third cycle is
W, ot wy o(tF —t) = AL(2) + L (C.10)

which can be simplified with the assumption that
AL(2) =w, ,t, and using Eq. (C.2):

r“L(t*_ALC(Z)gt*>>L (C.11)
gat* rL ®2 )7 '
and thus
T 9~ Mi\\ 92
n(1-(L-g (-7 )rn) ==
(C12)

If the inequality
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r|3| + (rl - gl)rlzl + (rlz - gzrl)rll —g3r|220 (C-13)

is fulfilled, component 1 has left section Il at the end
of the third cycle. The dash-dotted line (2) represents
this limit in Fig. 3.

If the rear of the concentration profile of com-
ponent 1 still remains in section |l at the end of the
third cycle, it has to be pushed back during the
fourth cycle in order to avoid instabilities of the
process. Following the same algorithm, we find that
the distance between the rear of the profile and the
feed node is given by

AL(3)=L - W||,3t*

M ( ALC(2)92>
=L-—L(1-——F"7— C.l14
g3 rIL ( )
and the separation condition is
W, sty W ,(F —t) = AL(3) +L (C.15)
This last equation can be rewritten as
r,L AL(3)
g:t* (t* - rTL gat*> =N (C.16)

Inserting Eqg. (C.2) in the previous eguation and
rearranging leads to

I’ﬁ +(r, - 91)r|3| + (r|2 - gzrl)rﬁ + (r|3_ gsrf)ru - g4r|3

>0 (C.17)

If this condition is fulfilled by r,,, the rear of the
band of component 1 will eventually be pushed back
through the feed node during the last cycle of the
superperiod, before the return of the odd column into
section Il. The dashed line (3) in Fig. 3 corresponds
to this limit.

If the operating point is located to the left of this
dashed ling, the extract is polluted during all four
cycles, to a different degree during each cycle. The
rear end of the band of component 1 cannot be
pushed back to the feed node during any cycle of a
superperiod. However, as long as the operation point
remains inside the triangle L0.7, the SMB process
reaches a steady-state condition. The rear front of the
band of component 1 does not penetrate further into
section 1I. The higher flow-rate in section | prevents
further pollution of the SMB system.

The same algorithm as was used in section 1l can

be applied for the derivation of the similar conditions
for section Il of the SMB, when the front of the
concentration profile of component 2 is polluting the
raffinate stream. However, in this case a higher
column porosity causes alower rearward propagation
velocity of the front of the profile of component 2.

Finally, the same agorithm can easily be extended
to the case in which there are two or several columns
in the section considered.

Note that only the positive real solutions of Egs.
(C.13) and (C.17) have been implemented.
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